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Abstract
The objective of this paper is to analyze the laminar flow of a Newtonian fluid, pressurized and sheared, through a two-
dimensional channel with one sinusoidal wall. The motivation of this work is the investigation of shear flows in lubrication.
The effects of Reynolds number and the geometrical dimensions on the velocity distributions and on the flow factors are studied
numerically using the lattice Boltzmann method (LBM). The results are verified with analytical and other numerical solutions.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The effect of surface roughness on the fluid flow has been studied in the past very extensively, mainly in connection
with turbulence. However, in tribological applications there is an increasing interest in specifying the effect of surface
roughness in low Reynolds number flows. A sketch of the geometrical properties of a rough surface in tribological
contact is shown in Fig. 1. If the film thickness of the bearing becomes very small, surface roughness may have a
dominant effect on the friction [21,29,16,13,30,5,15,19,2].
The analysis of bearing performance is traditionally based on the solution of Reynolds equations of lubrication,
which assume the surface to be hydrodynamically smooth. Patir and Cheng [25,26] have extended Reynolds equations
to account for rough surfaces using flow factors. Based on their definition, the extended Reynolds equations are
q¯x = −φxp
h¯3
12µ
∂ p¯
∂x
+ U1 +U2
2
h¯T + U1 −U22 σφs, (1)
q¯y = −φyp h¯
3
12µ
∂p
∂y
. (2)
Here q¯x and q¯y are the average volumetric flow rates in the x and y directions, respectively, h¯ is the nominal film
thickness, σ is the surface roughness (wave amplitude), h¯T is the local film thickness, µ is the viscosity, U1 and
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Fig. 1. Schematic diagram of a real rough surface.
U2 are the upper and lower plate velocities, respectively. The pressure flow factors are φxp and φ
y
p. They relate the
volumetric flux due to a pressure gradient in a rough bearing to that in a smooth channel in the x and y directions,
respectively. In what follows we will omit the superscripts and use φp for the flow factor in the x direction since
only two-dimensional configurations are considered here. The last term in the right-hand side of Eq. (1) represents an
additional flow transport due to the sliding in a rough bearing and φs is the shear flow factor.
The flow factors are obtained analytically for simple geometries [20,27] or by detailed numerical simulations of
the flow taking into account the topology of the real surfaces. In this paper we report on the verifications of extended
theory using numerical simulations. The factors are obtained individually for pressure or shear driven flows. In the
first case, the flow is driven by a constant volume force, acting as a mean pressure gradient, and correlating with the
mean velocity um according to
φp = 12µum
(d p¯/dx)h2m
. (3)
In the second case, the mean pressure gradient is set zero and the flow is driven by translating the smooth wall with a
constant velocity (u = Uw). The shear flow factor is obtained as
φs =
(
2um
Uw
− 1
)
h¯
σ
. (4)
The flow factors are functions of the geometrical parameters and the Reynolds number. Their limits are:
φp → 1 as  → 0, φp → 0 as  →∞, φs → 0 as  → 0, (5)
where  = σ/h¯ is the non-dimensional wave amplitude.
The goal of this work is to use LBM to determine the flow factors for rough surfaces which can be included
in tribological models that depend on the extended Reynolds theory. This allows to improve the prediction of load
and friction of bearings in elastohydrodynamic applications. A two-dimensional channel with one sinusoidal wall is
considered. This simplified geometry allows the identification of the most important flow phenomena occurring in
complex geometries. It may be also used to parameterize a rough surface by wave length and wave amplitude. The
analytical solution of this problem is not possible except for channels with very large wave lengths (low α = h¯/λ,
where λ is the surface wave length). Letalleur [20] presented solutions for the pressure and shear flow factors, as a
function of , for low α, using the volume averaging technique,
φp = 2(1− 
2)5/2
2+ 2 , (6)
φs = 3
√
2
2+ 2 . (7)
The effects of the bulk Reynolds number (Re = 2ρum h¯/µ) and the geometrical parameters (α and ) on the velocity
distributions and flow factors are studied. Newtonian constant viscosity flows are considered. The authors are aware
that in tribological applications normal stresses may have an important impact on the performance of a bearing [33].
However, since one of the aims of this work is to verify the lattice Boltzmann method as a numerical approach against
other techniques, this effect is not considered.
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The paper is organized as follow: after this introduction, an outline of the computational method is presented.
In Section 3, the smooth journal bearing case is used to verify the numerical method. The results are presented in
Section 4. Conclusions are summarized in Section 5.
2. Numerical method
Lattice Boltzmann method is a mesoscopic approach based on the kinetic theory of gases [3,4,14,9,8,22,11,7,31,
23,12]. The evolution of the single particle distribution in a fluid obeys the Boltzmann kinetic equation according to
∂t f + (Eξ · ∇) f = Ω( f ), (8)
where f = f (Ex, Eξ, t) is the single particle density function, Eξ is the microscopic velocity, and Ω is the collision term.
The macroscopic variables such as the density and velocity are obtained from the moments of f , i.e.
ρ =
∫
f dEξ, ρ Eu =
∫
Eξ f dEξ . (9)
The collision term in the Boltzmann equation may be simplified, e.g. using the single relaxation time model (BGK),
Ω( f ) = −ω( f − f eq), (10)
ω is the inverse of the relaxation time and f eq is the Maxwell–Boltzmann equilibrium distribution function.
To solve Eq. (8) numerically, a discretization of the velocity space is introduced using a finite set of velocity vectors
Eeα and the associated velocity-discrete distributions fα and f eqα . The discrete equilibrium distribution function is given
as,
f eqα = ρwα
[
1+ 3
c2
8(Eeα · Eu)+ 9
2c4
(Eeα · Eu)2 − 3
2c2
(Eu · Eu)
]
, (11)
wα is a weighting factor depends on the link angle (w0 = 4/9, w1 = 1/9 for α = 1, 2, 3, 4 and w2 = 1/36 for
α = 5, 6, 7, 8). In the discrete velocity space, the density and momentum flux can be evaluated as
ρ =
8∑
α=0
fα and ρ Eu =
8∑
α=1
Eeα fα. (12)
The velocity-discrete Boltzmann equation may be discretized with standard techniques such as the finite difference
method. Typically, in LBM the time step and lattice spacing are chosen such that δEx = Eeαδt . With Eqs. (8) and (10),
it follows
fα(Exi + Eeαδt, t + δt)− fα(Exi , t) = −ω
[
fα(Exi , t)− f eqα (Exi , t)
]
. (13)
It has been shown previously, using a multiscale analysis [28,6], that the solution of the above equation converges to
the solution of the conservation equations of mass and momentum in the limit of low Mach numbers, i.e. if |Eu|  cs ,
where cs is the speed of sound in the discrete model, defined as cs = c/
√
3. The viscosity is related to the relaxation
time by,
ν = µ/ρ = δt
3
(
1
ω
− 1
2
)
. (14)
The single relaxation time model has some deficiencies in solving high Reynolds number incompressible flow
problems or in resolving flow fields near geometrical singular points like sharp corners. The deficiencies include
unphysical, strong local oscillation near these points which turns out to contaminate the flow field in the entire
region. Also, it suffers from stability problems and therefore, in some cases, unrealistic solutions are obtained [7,18].
Lallemand and Luo [18] derived a two-dimensional multi-relaxation times model (MRT) to improve the numerical
stability. They postulated that this model reduces dramatically the unphysical oscillation for some simple flows and
it can improve the stability of the LBM, so high Reynolds number flows can be achieved. MRT model attempts to
relax different modes with different relaxation times so that the physical parameters can be determined by different
relaxation times and adjusted independently.
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In the MRT model, a new column vector (R¯) of the macroscopic variables is defined. R¯ = (ρ, e, ε, jx ,
qx , jy, qy, pxx , pxy)T, where ρ is the fluid density, e is the energy, ε is related to the square of the energy,
jx and jy correspond to the energy flux in two directions, pxx and pxy relate to the diagonal and off-diagonal
components of the viscous stress tensor. R¯ can be related to the column vector of the density distribution functions
F¯ = ( f0, f1, f2, f3, f4, f5, f6, f7, f8)T as follows,
R¯ = M¯ F¯, (15)
where M¯ is a 9× 9 matrix transforming F¯ to R¯. The collision (relaxation) procedure for R¯∗ is performed as follows,
R¯∗ = R¯ − S¯(R¯ − R¯eq). (16)
S¯, a 9×9 diagonal matrix, contains the relaxation times. Mass and momentum conservations before and after collision
require s1 = s4 = s6 = 0. Transforming the post-collision values R¯∗ back to F¯∗ using Eq. (15)
F¯∗ = M¯−1 R¯∗ = F¯ − M¯−1 S¯(R¯ − R¯eq). (17)
The streaming step is done in the same way as in the single time model. The BGK model is a special case of the MRT
and can be reproduced by setting s2 = s3 = s5 = s7 = s8 = s9 = ω.
2.1. Boundary conditions
The no-slip boundary conditions at the solid–fluid interfaces are realized by the bounce back rule. Although the
traditional bounce back introduces a wall-slip velocity, it has been chosen because of its locality and simplicity which
permits its application to real rough surfaces. Improved approaches to apply no-slip boundary conditions and other
relevant discussions can be found in [1,35,10,24,34] and the citations therein. However, it is very difficult to apply
them to irregular or real rough surfaces, if possible.
Periodic boundary conditions are used in the flow direction. In the case of a moving wall, bounce back is applied
to the incoming particles and an additional amount of momentum is added to them [34]. This results in
fα¯ = fα + 2wαρw 3
c2
eα¯.uw, (18)
where ρw is the fluid density at the wall, fα¯ is the incoming distribution function and α is the link opposite to α¯. The
location of the wall should be in the middle of the solid lattice node and the penultimate one before the last fluid node
[17].
3. Verification of the numerical method
To verify the code, the smooth journal bearing problem is tested. It is one of the few cases for which the analytical
solution is known. A fully developed flow between two parallel plates, 2h apart, is considered. The top plate moves
with velocity Uw and the bottom one is fixed. Besides that, the flow is driven by a pressure gradient in the x direction.
The boundary conditions are as follow: u∗ = 1 at y∗ = +1 and u∗ = 0 at y∗ = −1, where y∗ = y/h is the
dimensionless height and u∗ = u/Uw is the dimensionless velocity. The geometry and boundary conditions are shown
in Fig. 2. The exact velocity distribution, obtained by double integration of the momentum balance equation [32], is
u∗ = 1
2
[(1+ y∗)+ B(1− y ∗2)], (19)
where B is the dimensionless pressure gradient B = h2
µUw
d pˆ
dx . A lattice Boltzmann test is done using Ny = 22 grid
points in the y direction and applying three different pressure gradients (B = −1, 0 and 1). Fig. 3 compares the
analytical and numerical results of u∗ in the transverse direction. It is clearly seen that the results agree to a high
degree for all values of B.
To check the accuracy of LBM, the same test case is carried out at B = 1.0 using four different meshes, starting
with grid1 (δy = 1/5) with successive double refinements. Fig. 4 shows the velocity distributions across the channel
for different grids. It can be seen that the solutions converge to the exact one with increasing the resolution. A grid of
(δy = 1/5) gives accurate results. The error, defined as u = |u¯∗num − u¯∗exact|/u¯∗exact, is shown in Fig. 5 as a function of
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Fig. 2. The geometry and boundary conditions of a smooth journal bearing.
Fig. 3. Velocity distributions across the channel at three different non-dimensional pressure gradients (B).
Fig. 4. Velocity distributions across the smooth channel using four different grid resolutions.
the grid resolution (δy = 1/(Ny − 2)). Here, u¯∗num and u¯∗exact are the numerical and exact velocities, respectively. The
slope of the curve is 2 which means that the error decays quadratically as expected.
4. Results
4.1. Problem description and boundary conditions
The flow in a two-dimensional channel with one sinusoidal wall is considered. The geometry is shown in Fig. 6.
Periodic boundary conditions in the x direction and no-slip conditions at the fluid solid interfaces are applied. The
channel is characterized by a non-dimensional wave length (α = h¯/λ) and a non-dimensional wave amplitude
( = σ/h¯). In the case of determining the pressure flow factor, the flow is driven by a constant pressure gradient
in the x direction in a fixed walls channel. On the other hand, to determine the shear flow factor, the momentum is
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Fig. 5. The LBM discretization error as a function of the grid resolution (δy ).
Fig. 6. Schematic diagram of the sinusoidal channel.
supplied by translating the smooth wall (u = Uw) while keeping the wavy one fixed. The focus of discussion here
will be concentrated on the velocity distributions and on the flow factors.
4.2. Pressure driven flows
4.2.1. Effects of the geometrical parameters
The flow in a sinusoidal channel of different non-dimensional wave amplitudes and wave lengths are studied at
Re = 1. The following parameters are considered: α = 0.01, 0.1, 0.2, 0.3 and  = 0.05, 0.1, 0.2, 0.4. Fig. 7 shows
the velocity distributions at xˆ = 1/4 (minimum section) and xˆ = 3/4 (maximum section) for different values of 
and α = 0.01 and α = 0.2. In the case of α = 0.2, it is known that as  increases, the film thickness decreases and so
the wall-induced curvature effects increase which manifest in generation of vortices and so reduce the passage. The
non-dimensional maximum velocity u∗ = umax/um at xˆ = 1/4 becomes higher for higher values of . On the other
hand, at α = 0.01, which represents the case of large wave lengths,  has no effect on u∗ at xˆ = 1/4 and xˆ = 3/4
except an increase in the velocity magnitude to satisfy the continuity of mass. Fig. 8 shows the corresponding pressure
flow factors. At a constant α, as  increases, φx decreases as expected. Also, at a constant , as α increases (the wave
length decreases which also increase the effect of curvature) φp decreases.
A comparison of the LBM results, for a large wave length channel (α = 0.01) with the analytical solution, given by
Eq. (6), is shown in Fig. 8. LBM results (circles) are in very good agreement with the analytical solution (solid line).
LBM results are also verified with numerical results obtained by a commercial finite volume CFD code (STAR-CD).
The velocity distributions at Re = 100,  = 0.25 and different values of α (α = 0.01, 0.1 and 0.3) are presented in
Fig. 9. The results are also in a very good agreement and both methods have captured the details of the flow.
4.2.2. Effects of Reynolds number
The effects of bulk Reynolds number on the velocity distributions and on the pressure flow factor are examined.
A channel of α = 0.1 and  = 0.25 is tested for flows at different Reynolds numbers 1 ≤ Re ≤ 500. Fig. 10 shows
the streamlines for the different cases. At low Re the flow moves smoothly following the shape of the channel and no
separation occurs. At higher Re separation occurs and the size and shape of the separated region changes with Re.
The location of the vortex center is shifted slightly downstream.
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Fig. 7. Velocity distributions at Re = 1 for different values of  and α = 0.01 (top) and α = 0.2 (bottom). Left: at xˆ = 1/4, right: at xˆ = 3/4.
Fig. 8. The pressure flow factors at Re = 1 and different values of  and α. The solid line represents the analytical solution for large wave length
channels (low α).
Fig. 11 shows the velocity distributions at xˆ = 1/4 and xˆ = 3/4. At xˆ = 3/4 the inertia tends to steep the profile
near the curved wall and the distribution is nearly parabolic. At xˆ = 1/4 the flow separates as Re increases. The effect
of Re on the pressure flow factor is shown in Fig. 12. As Re increases, φp decreases. The Reynolds number effect on
φp depends on the wave length and it is found to increase as α decreases. The decrease in the wave length increases the
curvature effects which motivate the separation and generation of vortices. This reduces the passage and so reduces φp.
4.3. Shear driven flows
The geometry considered here is the same as above. However, the momentum is supplied by translating the smooth
wall (u = Uw) while keeping the sinusoidal one fixed. The shear flow factor and the velocity distributions are
determined for different geometrical and flow parameters.
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Fig. 9. Comparison of the velocity distributions obtained by the finite volume (STAR-CD) and LBM methods. Left: at xˆ = 1/4, right: at xˆ = 3/4.
Fig. 10. Streamlines in a sinusoidal channel of dimensions  = 0.25 and α = 0.1 at different Reynolds numbers. (a) Re = 1, (b) Re = 10, (c)
Re = 100 and (d) Re = 500.
Fig. 11. Velocity distributions across a sinusoidal channel of dimensions  = 0.25 and α = 0.1 at different Reynolds numbers. Left: at xˆ = 1/4,
right: at xˆ = 3/4.
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Fig. 12. Effect of Reynolds numbers on the pressure flow factor in a sinusoidal channel of dimensions  = 0.25 and α = 0.1 and 0.3.
Fig. 13. Velocity distributions in a sinusoidal channel of dimensions α = 0.01 (top) and α = 0.01 (bottom) in a shear flow test. Left: at xˆ = 1/4,
right: at xˆ = 3/4.
4.3.1. Effects of the geometrical parameters
Fig. 13 shows the velocity distributions across the channel at xˆ = 1/4 and xˆ = 3/4 for different values of  and for
α = 0.01 and 0.2. It is observed that the velocity distributions are not linear. This is due to the effects of recirculation
and separation. It is also shown that  plays a big rule in determining the shape of the velocity profile and for large 
separation may occur at xˆ = 1/4. The effect of α is not pronounced and the shape of the velocity distribution is nearly
the same for both wave lengths. Fig. 14 shows the effect of  and α on the shear flow factor. It is seen that, for the
same α, the shear flow factor decreases as the roughness () increases. This is due to the effect of the valleys which
act as a barrier and therefore drag the flow. The value of φs approaches that for a smooth channel (φs = 0) as the
roughness amplitude () gets smaller. In the case of very long wave length channels, the effect of the valleys becomes
also small.
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Fig. 14. The shear flow factor as a function of  and α. The solid line represents the analytical solution for large wave length channels (low α).
Fig. 15. Effect of Reynolds number on the velocity distributions in a sinusoidal channel of dimensions  = 0.2 and α = 0.1. Left: at xˆ = 1/4,
right: at xˆ = 3/4.
The LBM results of φs for the case of very long wave length channels (α = 0.01) are compared, in Fig. 14, with
the analytical results, given by Eq. (7). LBM results (circles) are in a very good agreement with the analytical solution
(solid line). However, at small wave lengths (large values of α) the analytical solution fails and over predicts the flow
factors.
4.3.2. Effects of Reynolds number
Fig. 15 shows the velocity distributions, at xˆ = 1/4 and xˆ = 3/4, in a sinusoidal channel ( = 0.2 and α = 0.1) at
different Reynolds numbers. For low Reynolds numbers, the velocity distributions have nearly the same shape and the
flows are taking the shape of the channel (figure is not shown). For high Reynolds numbers, the flow separates and the
shape of the velocity distributions is differs slightly than from the low Re flows. Fig. 16 shows the shear flow factors
as function of Reynolds number. Only high Reynolds numbers affect φs and a constant value is seen for low ones.
4.4. Numerical parameters study
The effects of grid resolutions and the discretization of the sinusoidal channel in Cartesian coordinates are
examined. Computations were carried out for three grid levels starting with grid1 (25 × 38), and with a refinement
factor of 2. The simulations are done at fixed Re = 1, ω = 1.0,  = 0.25 and α = 0.1. Fig. 17 shows the velocity
distributions across the channel, at xˆ = 1/4 and xˆ = 3/4. The velocity distribution using grid1 shows some deviation
from that obtained with grid2 and grid3. However grid2 and grid3 resulted in almost similar velocity profiles. This
means that, using grid2, the solution is grid converged. The pressure flow factors φp are 0.529, 0.539 and 0.535 for
grid1, grid2 and grid3, respectively. Small difference in φp values, between the coarse and the finest grid, is seen.
The results show that grid2 or a finer one is a satisfactory choice, if applicable, for further investigations. In the
LBM simulations, the results depend on the relaxation parameter ω whose value, due to stability considerations, is
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Fig. 16. Effect of Reynolds number on the shear flow factor in a sinusoidal channel of dimensions  = 0.2 and α = 0.1.
Fig. 17. Effect of the grid resolution on the velocity across a sinusoidal channel of dimensions  = 0.25 and α = 0.1 at Re = 1. Left: at xˆ = 1/4,
right: at xˆ = 3/4.
in the range of 0.5 < ω < 2. In order to determine the effect of ω on the results, a series of simulations using
grid2 at Re = 1.0 = 0.25 and α = 0.1, are carried out. The results are φp = 0.540, 0.539, 0.539 and 0.538 for
ω = 1.0, 1.25, 1.5 and 1.75, respectively. The difference between the results is very small and this is within the
engineering accuracy.
5. Conclusion
The object of the present paper was to show the applicability of the lattice Boltzmann method to study the effects
of roughness on the flow. According to the extended Reynolds theory, the effect is described in terms of the pressure
and shear flow factors. The influence of the wave length and wave amplitude as well as Reynolds number have been
studied. It is found that the geometrical and flow parameters affect the flow fields and the flow factors. The lattice
Boltzmann method has proved its efficiency in simulating flows in wavy channels.
References
[1] F.J. Alexander, S. Chen, J.D. Sterling, Lattice Boltzmann thermohydrodynamics, Phys. Rev. E47 (1993) 2249.
[2] A. Al-Zoubi, Numerical simulation of flows in complex geometries using the lattice Boltzmann method, Ph.D. Thesis, Teschniche Universita¨t
Clausthal, Germany, 2006.
[3] G. Amati, S. Succi, R. Piva, Massively parallel lattice-Boltzmann simulation of turbulent channel flow, Internat. J. Modern Phys. C8 (1997)
869.
[4] G. Brenner, Habilitationsschrift, Erlangen-Nu¨rnberg Univ., Erlangen, 2002.
[5] G.C. Buscalglia, M. Jai, Homogenization of the generalized Reynolds equation for ultra-thin gas films and its resolution by FEM, ASME J.
Tribology 126 (2004) 547–552.
[6] X. He, L.-S. Luo, A priori derivation of the lattice Boltzmann equation, Phys. Rev. E55 (1997) R6333–R6336.
1376 A. Al-Zoubi, G. Brenner / Computers and Mathematics with Applications 55 (2008) 1365–1376
[7] D. d‘Humie`res, I. Ginzburg, M. Krafczyk, P. Lallemand, L. Luo, Multiple-relaxation-time lattice Boltzmann models in three dimensions,
Philos. Trans. R. Soc. Lond. A360 (2002) 437.
[8] U. Frisch, B. Hasslacher, Y. Pomeau, Lattice-gas automata for the Navier–Stokes equation, Phys. Rev. Lett. 56 (1986) 1505.
[9] J. Hardy, O. de Pazzis, Y. Pomeau, Molecular dynamics of a classical lattice gas: Transport properties and time correlation functions, Phys.
Rev. A13 (1976) 1949.
[10] X. He, Qisu Zou, L. Luo, M. Dembo, On Pressure and velocity flow boundary conditions for the lattice Boltzmann BGK model, J. Stat. Phys.
87 (1997) 115.
[11] F. Higuera, J. Jimenez, S. Succi, Boltzmann approach to lattice gas simulations, Europhys. Lett. 9 (1989) 663.
[12] S. Hou, J.D. Sterling, S. Chen, G. Doolen, Simulation of cavity flow by the lattice Boltzmann method, Fields Inst. Commun. 6 (1996) 151.
[13] B. Jacob, C.H. Venner, P.P. Lugt, Influence of longitudinal roughness on friction in EHL contacts, ASME J. Tribology 126 (2004) 473–481.
[14] D. Kandhai, A. Koponen, A. Hoekstr, A. Kataja, J. Timonen, P.M. Sloot, Large scale lattice Boltzmann simulation, Int. J. Comput. Phys. 150
(1999) 482–501.
[15] M. Kane, B. Bou-Said, Comparison of homogenization and direct techniques for the treatment of roughness in incompressible lubrication,
ASME J. Tribology 126 (2004) 733–737.
[16] G. Knoll, V. Lagemann, Simulationsverfahren zur triologischen Kennwert-bildung rauer Oberfla¨chen, Teil 1 - Einfluss der
Bearbeitungsbedingten Oberfla¨che auf die Hydrodynamische Tra¨gfahigkeit geschmierter Kontakte, Tribol. Schmier. 49 (2002) 12–15.
[17] A. Ladd, Numerical simulations of particulate suspensions via a discrete Boltzmann equation. Part 1. Theoretical foundation, J. Fluid Mech.
271 (1994) 285–309.
[18] P. Lallemand, L.S. Luo, Theory of the lattice Boltzmann method: Dispersion, dissipation, isotropy, Galilean invariance, and stability, Phys.
Rev. E 61 (6) (2000) 6546.
[19] Y. Lin, C.O. Timothy, A rough surface model for general anisotropic materials, ASME J. Tribology 126 (2004) 41–49.
[20] N. Letalleur, F. Plouraboue’, M. Prat, Average flow model of rough surfaces lubrication: Flow factors for sinusoidal surfaces, J. Tribology
124 (2002) 539–546.
[21] A. Lubrecht, C. Venner, On elastohydrodynamic lubrication of rough surfaces, Proc. Inst. Mech. Eng., Part J Tribology 213 (1999) 397.
[22] G.R. McNamara, G. Zanetti, Use of the Boltzmann equation to simulate lattice gas automata, Phys. Rev. Lett. 61 (1988) 2332.
[23] G.R. McNamara, A.L. Garcia, B.J. Alder, Stabilization of thermal lattice Boltzmann models, J. Stat. Phys. 81 (1995) 395.
[24] R. Mei, L.S. Luo, W. Shyy, An accurate curved boundary treatment in the lattice Boltzmann method, J. Comput. Phys. 155 (1999) 307.
[25] N. Patir, H. Cheng, An average flow model for determining effects of three dimensional roughness on partial hydrodynamic lubrication, J.
Lubric. Tech. 100 (1978) 12–17.
[26] N. Patir, H. Cheng, Application of average flow model to lubrication between rough sliding surfaces, J. Lubric. Tech. 101 (1979) 220–229.
[27] M. Prat, F. Plouraboue’, N. Letalleur, Averaged Reynolds equation for flow between rough surfaces in sliding motion, J. Trans. Por. Med. 48
(2002) 291–313.
[28] Y.H. Qian, D. d’Humie`res, P. Lallemand, Lattice BGK models for Navier–Stokes equation, Europhys. Lett. 17 (1992) 479.
[29] F.S. Richard, A.H. Rocke, Hydrodynamic analysis of the flow in a rotary lip seal using flow factors, ASME J. Tribology 126 (2004) 156–161.
[30] K.J. Sharif, H.P. Evans, R.W. Snidle, J.P. Newall, Modelling of film thickness and traction in a variable ration traction drive rig, ASME J.
Tribology 126 (2004) 92–104.
[31] G.H. Tang, W.Q. Tao, Y.L. He, Simulation of fluid flow and feat transfer in a plane channel using the lattice Boltzmann method, Internat. J.
Modern Phys. B17 (2003) 183.
[32] F. White, Viscous Fluid Flow, John Wiley & sons, New York, 1991.
[33] J. Williams, Engineering Tribology, Cambridge University Press, USA, 2005.
[34] D. Yu, R. Mai, L. Luo, W. Shyy, Viscous flow computations with the method of lattice Boltzmann equation, Prog. Aerosp. Sci. 39 (2003) 329.
[35] Q. Zou, X. He, Pressure and velocity flow boundary conditions for the lattice Boltzmann BGK model, Nonlinear Science e-Print Archive
comp-gas/9508001, 1995.
